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We determine how a system composed of two nonidentical two-level atoms with different resonance frequen-
cies and different damping rates could work as a nano-antenna for controlled mode switching and light routing.
We calculate the angular distribution of the emitted field detected in a far-field zone of the system including the
direct interatomic interactions and arbitrary linear dimensions of the system. The calculation is carried out in
terms of the symmetric and antisymmetric modes of the two atom system. We find that as long as the atoms
are identical, the emission cannot be switched between the symmetric and antisymmetric modes. The switching
may occur when the atoms are non-identical and the emission can then be routed to different modes by changing
the relative ratio of the atomic frequencies, or damping rates or by a proper tuning of the laser frequency to the
atomic resonance frequencies. It is shown that in the case of atoms of different resonance frequencies but equal
damping rates, the light routing is independent of the frequency of the driving laser field. It depends only on the
sign of the detuning between the atomic resonance frequencies. In the case of atoms of different damping rates,
the emission can be switched between different modes by changing the laser frequency from the blue to red
detuned from the atomic resonance. The effect of the interatomic interactions is also considered and it is found
that in the case of unequal resonance frequencies of the atoms, the interactions slightly modify the visibility
of the intensity pattern. The case of unequal damping rates of the atoms is affected rather more drastically,
the light routing becoming asymmetric under the dipole-dipole interaction with the enhanced intensities of the
modes turned towards the atom of smaller damping rate.
PACS numbers: 42.25.Hz, 42.25.Kb, 42.50.Gy
I. INTRODUCTION
There has recently been a considerable interest in studying
directional properties of optical nano-antennas composed of
dielectric or metallic particles that could emit light into a de-
sired direction [1–6]. Particularly interesting is a bimetallic
nano-antenna, recently invented by Shegai et al. [7] that is ca-
pable to work as a directional frequency filter which scatters
light of different colours in opposite directions. The nano-
antenna consists of two metallic nano-particles (gold and sil-
ver) of different plasmon resonances and separated by a small
distance. It was demonstrated experimentally that the antenna,
when driven by a white light, can direct red and blue com-
ponents in opposite directions. Such an antenna could have
many practical applications, for example in optical sensing
and could be used as directional single photon sources, im-
portant for metrology, quantum computation and quantum in-
formation processing.
Another kind of nano-particles that could be employed to
work as an optical nano-antenna are single two-level atoms.
Physically, when two or more atoms are located at a small dis-
tance, it is possible to achieve directional scattering through
interference between different modes of the electromagnetic
field to which the atoms radiate. Many authors have studied
the interference effects theoretically [8–18] and also experi-
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mentally [19, 20] in systems involving few atoms, or com-
posed of a large number of atoms confined to a small vol-
ume [21–25], or configured in a linear chain [26–29], or self-
organized along a waveguide [30]. It has been predicted and
experimentally demonstrated that the angular distribution of
the emitted radiation depends strongly on the number of atoms
and the geometry of the emitting system with emission max-
ima (superradiance) occurring in some directions with an en-
hanced intensity up to as much N2I0, where N is the number
of atoms in a sample and I0 is the single atom radiation inten-
sity [31, 32]. In particular, for a line of atoms, a high focussing
of the emission along the line axis can be achieved. The fo-
cusing increases with an increasing number of atoms and also
with a decreasing distance between the atoms [27, 28, 33–35].
In this paper, we address the question of controlled emis-
sive mode switching and light routing in a system of two two-
level atoms. Motivated by the experimental work of Shegai et
al. [7] on directional colour routing, we study related effects,
namely, we consider a system of two nonidentical two-level
atoms separated by an arbitrary distance r12 and investigate
how the system when driven by an external laser field could
work as an optical nano-antenna for a controlled switching
of the emission between different modes and for routing light
into a desired direction. We work in terms of the collective
symmetric and antisymmetric modes of the system that have
different angular distributions. We show that the emission can
be switched between the symmetric and antisymmetric modes
only if the atoms are nonidentical with either different reso-
nance frequencies or unequal damping rates. The emission
can be routed to a desired mode by varying either the ratio of
the atomic frequencies or the ratio of the damping rates. In
the former, the routing is independent of the frequency of the
2driving laser field, but in the latter it depends strongly on the
frequency of the laser.
The paper is organized as follows. In Sec. II we describe in
details our model and the geometry of the system. In Sec. III
we discuss in details the method we use to evaluate the in-
tensity of the emitted light. In Sec. IV we derive a general
formula for the angular distribution of the emitted radiation.
Section V provides a simple qualitative explanation of the ori-
gin of mode switching and light routing. The method of calcu-
lation of the steady-state values of the density matrix elements
is presented in Sec. VI. In Sec. VII, we discuss the angular dis-
tribution of the emitted radiation for independent atoms omit-
ting the collective damping and the dipole-dipole interaction.
We present analytical results for the intensity of the emitted
light which clearly demonstrate the effects of mode switching
and light routing in the system. In Sec. VIII, we present nu-
merical results for the angular distribution with the collective
damping and the dipole-dipole interaction included. Finally,
we summarize our results in Sec. IX.
II. THE MODEL
We consider a system composed of two non-identical
closely spaced atoms located along the x axis at positions
x1 = −
1
2r12 and x2 =
1
2r12, distant r12 from each other,
as illustrated in Fig. 1. The atoms are modelled as two-level
systems with transitions occurring only between two non-
degenerate energy levels |ej〉 and |gj〉 (j = 1, 2), having en-
ergies Eej and Egj such that Eej −Egj = ~ωj , and separated
by frequency ωj . We work in the electric dipole approxima-
tion that the transitions in the atoms are of the electric dipole
type with transition dipole moments ~µj . It should be pointed
out that the model is not restricted to only the electric dipole
transitions. It can be extended to any other type of transitions,
such as magnetic dipole, electric quadrupole, or two-photon
electric dipole transitions.
The atoms interact with the surrounding (background)
three-dimensional electromagnetic field through the electric
dipole interaction. The interaction leads to the damping of the
atomic transitions with a rate Γj which is equal to the Ein-
stein A coefficient for spontaneous emission. Since the atoms
can be at short distances from each other, the interaction of
the atoms with the EM field can also lead to a collective be-
haviour of the atoms that the electromagnetic field produced
by an atomic dipole can influence the field produced by the
other atomic dipole [36]. In addition, the atoms are continu-
ously driven by a cw monochromatic laser field propagating
in the direction both perpendicular to the atomic axis and at
an angle φ to the z axis. The frequency of the laser field ωL
is tuned close to the atomic resonance frequencies with detun-
ings ∆1 = ω1 − ωL and ∆2 = ω2 − ωL, respectively.
The total Hamiltonian of the system composed of two non-
identical atoms driven by a laser field and including the inter-
atomic dipole-dipole interaction can be written as
H = H0 +HL, (1)
(1)
(2)
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FIG. 1. (Color online) Geometry of the system. Two nonidentical
two-level atoms, labeled (1) and (2) are located at fixed positions a
distance r12 from each other. The atoms are driven by a cw laser
field propagating in a direction that is taken to form an angle φ with
the z axis. The emitted field is detected at point A, located on the
xy plane distant R from the atoms. The position of the detector on
the xy plane is determined by the angle θ, the direction towards the
detecting point relative to the direction of the interatomic axis.
where
H0 = ~
2∑
j=1
ωjS
z
j + ~
2∑
i6=j=1
ΩijS
+
i S
−
j (2)
is the Hamiltonian of the atoms and the dipole-dipole coupling
between them, and
HL =
1
2
~
2∑
j=1
[
ΩL(~rj)S
+
j e
i(ωLt+φL) +H.c.
]
, (3)
is the interaction of the atoms with the driven laser field. Here,
ΩL(~rj) =
~µj · ~EL
~
ei
~kL·~rj = Ωei
~kL·~rj (4)
is the position dependent (complex) Rabi frequency of the
laser field of the amplitude ~EL, initial phase φL and the
propagation vector ~kL. The operators S+j = |ej〉〈gj | and
S−j = |gj〉〈ej |, appearing in Eq. (2) are, respectively, the rais-
ing and lowering operators for atom j, and Szj = (|ej〉〈ej | −
|gj〉〈gj |)/2 describes its energy. They are the Pauli spin up
and spin down operators for a two-level atom.
The parameter Ωij stands for the magnitude of the dipole-
dipole interaction between the atoms given by the real part of
the interatomic potential, Ωij = Re(Vij), defined as
Vij =
√
ΓiΓj
{
(µˆi · µˆj)h
(2)
0 (k0rij)
+
1
2
[3(µˆi · rˆij)(µˆj · rˆij)− µˆi · µˆj ]h
(2)
2 (k0rij)
}
. (5)
Here µˆi and rˆij are unit vectors in the direction of the ith
atomic dipole moment ~µi = µiµˆi and in the direction of the
atomic axis ~rij = rij rˆij , respectively, k0 = ω0/c in which
3ω0 = (ω1 + ω2)/2 is the average frequency of the atomic
resonance frequencies, and h(2)n is a spherical Hankel function
of the second kind.
III. INTENSITY OF THE EMITTED FIELD WITH A
TWO-ATOM SOURCE
Our objective is to calculate the intensity I(~R, t) of the
field emitted by the system and detected by a single detec-
tor at time t and at an arbitrary point A on the (x, y) plane,
~R = xiˆ+ yjˆ, as shown in Fig. 1. The intensity is proportional
to the normally ordered one-time correlation function of the
electromagnetic field at the detection point
I(~R, t) = u(R)〈 ~E(−)(~R, t) · ~E(+)(~R, t)〉, (6)
where ~E(+)(~R, t) denotes the positive frequency part of the
electromagnetic field detected at the point ~R at time t and
the average is taken over the initial state of the system. The
factor u(R) = (2cǫ0R2/~ω0) has been introduced so that
I(~R, t)dΩRdt is the power radiated by the atoms into an ele-
ment of solid angle dΩR around the direction ~R over a small
time interval dt at the moment of time t.
If in addition to the background (free) field there are
sources of the EM field such as atoms, the total electric field
~E(~R, t) at the point A can be expressed as the sum of a free-
field term ~EF (~R, t) and the source-field term ~ES(~R, t):
~E(~R, t) = ~EF (~R, t) + ~ES(~R, t), (7)
where
~EF (~R, t) = i
∑
k
(
~ωk
2ǫ0V
) 1
2
~ekak(0)e
i(~k·~R−ωkt) +H.c.,(8)
and
~ES(~R, t) = ∇×

∇× 1
4πǫ0
2∑
j=1
~µj(t− |~R− ~rj |/c)
|~R − ~rj |
×θ(t− |~R− ~rj |/c)
]
. (9)
The source part of the field is in the retarded form that the field
at (~R, t) depends on the dipole moment ~µj of the jth atom at
the retarded time t−|~R−~rj |/c, where ~rj is the position of the
atom, and θ is the usual Heaviside function, zero for negative
argument and unity for positive argument.
The expression describes the source field for an arbitrary
point (~R, t). Usually, we detect fields at large distances from
the source atoms, in the so-called far field radiation zone. If
the detection point A lies in the far field zone from the atomic
system, R ≫ |~r2 − ~r1|, the source part takes an asymptotic
form
~ES(~R, t) =
1
4πǫ0c2
2∑
j=1
(
~R− ~rj
)
×


(
~R− ~rj
)
× ~¨µj(t− |~R− ~rj |/c)
|~R− ~rj |3

 , (10)
where the double dot over ~µj stands for the second derivative
over time that the source field depends on the dipole accelera-
tion.
The electric dipole operator ~µj can be written as the sum of
the raising S+j and lowering S
−
j operators
~µj(t) = ~pjS
+
j (t) + ~p
∗
jS
−
j (t), (11)
where ~pj = 〈ej | ~µj |gj〉 is the dipole matrix element of the
two-level transition in the atom j.
Approximating S±j (t− |~R− ~rj |/c) by their free evolution
expressions
S±j (t− |
~R− ~rj |/c) ≈ S
±
j exp[±i(kRˆ · ~rj − ωjt)], (12)
gives ~ES(~R, t) at large distances in terms of the positive and
negative frequency components as
~ES(~R, t) = ~E
(+)
S (
~R, t) + ~E
(−)
S (
~R, t), (13)
where
E
(+)
S (
~R, t) =
−1
4πǫ0c2
2∑
j=1
[~R× (~R× ~p∗j )]
R3
× ω2jS
−
j e
−i(kRˆ·~rj−ωjt), (14)
and
E
(−)
S (
~R, t) =
−1
4πǫ0c2
2∑
j=1
[~R× (~R× ~pj)]
R3
× ω2jS
+
j e
i(kRˆ·~rj−ωjt). (15)
In the derivation of the above expressions, we have used
the approximation |~R − ~rj | ≈ Rˆ · ~rj , where Rˆ = ~R/R
is the unit vector in the direction of ~R. It is seen that
the positive (negative) frequency part of the source field
E
(+)
S (
~R, t) (E
(−)
S (
~R, t)) produced by the atoms at the point ~R
in far field zone is proportional to the atomic lowering (rais-
ing) operators.
In general, the intensity I(~R, t) detected at the point A can
be considered in terms of the free-field and the source-field
parts by substituting Eq. (13) into Eq. (6) which yields
I(~R, t) = u(R)
[
〈 ~E
(−)
F (
~R, t) · ~E
(+)
F (
~R, t)〉
+ 〈 ~E
(−)
F (
~R, t) · ~E
(+)
S (
~R, t)〉+ 〈 ~E
(−)
S (
~R, t) · ~E
(+)
F (
~R, t)〉
+ 〈 ~E
(−)
S (
~R, t) · ~E
(+)
S (
~R, t)〉
]
. (16)
The intensity equals the sum of the free field and the source
field contributions together with interference terms involving
both the free field and the source field. In practice, the free
field is in the vacuum state |{0}〉, for which
~E
(+)
F (
~R, t)|{0}〉 ≡ 0, (17)
and the detection point ~R is located outside the region of the
driving field. We may therefore ignore the contribution of the
4free-field part and all the interference parts leaving the inten-
sity given by the source part only
I(~R, t) = u(R)〈 ~E
(−)
S (
~R, t) · ~E
(+)
S (
~R, t)〉. (18)
Hence, we can express the intensity in terms of the atomic
raising and lowering operators by substituting Eq. (14)
and (15) into Eq. (18). The intensity is then given by
I(~R, t) = u(ϑ)
2∑
i,j=1
√
ΓiΓj〈S
+
i (t)S
−
j (t)〉e
ikRˆ·~rij , (19)
with u(ϑ) = (3/8π) sin2 ϑ, in which ϑ is the angle between
the observation direction ~R and the polarization of the atomic
dipole moments ~pi. It follows that the correlation functions
of the atomic dipole operators 〈S+i (t)S
−
j (t)〉 are a measure of
the radiation intensity in the far field zone. In the derivation of
Eq. (19) we have assumed that the atomic dipole moments are
parallel to each other, ~p1 ‖ ~p2. This is justified, if one notice
that the atomic dipole moments are both induced by the same
EM field.
IV. ANGULAR DISTRIBUTION OF THE EMITTED FIELD
We now turn to perform the summation over i and j in
Eq. (19) and discuss separately the contribution of different
terms. This will allow us to extract terms that are responsible
for the variation of the intensity with the direction of observa-
tion ~R. If we perform the summation, we obtain
I(~R, t) = u(ϑ)
{
Γ1〈S
+
1 (t)S
−
1 (t)〉+ Γ2〈S
+
2 (t)S
−
2 (t)〉
+
√
Γ1Γ2
[
〈S+1 (t)S
−
2 (t)〉 exp(ikr12 cos θ)
+ 〈S+2 (t)S
−
1 (t)〉 exp(−ikr12 cos θ)
]}
. (20)
The physical consequences of the three terms in I(~R, t) are
as follows. The first two terms correspond to the radiation
emitted by two separate atoms. These two terms are indepen-
dent of θ and therefore they do not vary with the direction of
observation ~R. The third term, which we shall call the ”in-
terference term”, is more interesting because it gives rise to
variation of the intensity with the direction ~R. It is composed
of two terms involving cross correlations between the different
atoms, 〈S+1 (t)S
−
2 (t)〉 and 〈S
+
2 (t)S
−
1 (t)〉. The cross correla-
tions result from the interference between electric fields emit-
ted by the different atoms that the field spontaneously emitted
by one of the atoms can be absorbed by the other atom. The
interference term can be written as a sum of two terms
Iint(~R, t) = u(ϑ)
√
Γ1Γ2
{[
〈S+1 (t)S
−
2 (t)〉
+〈S+2 (t)S
−
1 (t)〉
]
cos(kr12 cos θ)
+i
(
〈S+1 (t)S
−
2 (t)〉 − 〈S
+
2 (t)S
−
1 (t)〉
)
sin(kr12 cos θ)
}
.
(21)
Hence, the interference term can be regarded as being made
up of the sum of two contributions, one involving a symmetric
combination and the other involving an antisymmetric combi-
nation of the atomic operators. There are two kinds of terms
that could be interpreted as symmetric and asymmetric modes
to which the atoms radiate. As we shall see, these terms may
lead to different effects.
Note that the number of modes and their angular distri-
bution depend on the distance between the atoms. Consider
separately the angular distribution of the symmetric and anti-
symmetric modes. It is seen from Eq. (21) that the angular
distribution of the symmetric modes is given by a simple rela-
tion
kr12 cos θ = nπ, n = 0,±1,±2, . . . (22)
or equivalently
cos θ =
nλ
2r12
, n = 0,±1,±2, . . . , (23)
whereas the angular distribution of the anti-symmetric modes
is given by
kr12 cos θ =
(
n+
1
2
)
π, n = 0,±1,±2, . . . (24)
which for angles θ may be written as
cos θ =
(
n+ 12
)
λ
2r12
, n = 0,±1,±2, . . . (25)
It is evident from Eqs. (23) and (25) that there is a discrete
and a finite number of directions into which the symmetric
and antisymmetric modes can make the maximal contribu-
tion. Note that the sign of the contributions to the intensity
depends on whether cos(kr12 cos θ) and sin(kr12 cos θ) have
positive or negative values. It is apparent by inspection of
Eqs. (23) and (25) that for even n, both terms have positive
values, whereas for odd n they have negative values. Conse-
quently, if the symmetric and antisymmetric combinations of
the atomic correlations are positive, maximum values of the
intensity will be observed in the directions corresponding to
even n, and minimum values will be observed in the direc-
tions corresponding to odd n.
Consider in some details the directions in which maxi-
mum and minimum values of the intensity may be located
and whether they correspond to the directions of propagation
of symmetric or antisymmetric modes. First, we note that
there is no an antisymmetric mode propagating in the direc-
tion normal to the atomic axis (θ = π/2). However, there
is a symmetric mode propagating in the direction normal to
the atomic axis, θ = π/2, to which the system radiates for all
values of r12. For very small distances, r12 < λ/4, the sym-
metric mode propagating in the direction θ = π/2 is the only
mode to which the system can radiate. For r12 = λ/4, there
are three modes to which the system can radiate, a symmetric
mode propagating in the direction θ = π/2 and two antisym-
metric modes propagating along the atomic axis, one in the
direction θ = 0 and the other in θ = π. As r12 increases, the
number of modes increases. For example, at r12 = λ/2 the
system may radiate into three symmetric modes propagating
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FIG. 2. (Color online) Angular distribution of (a) symmetric and (b)
antisymmetric modes for different interatomic separations, r12 =
λ/4, r12 = λ/2 and r12 = λ. The solid lines show the directions
of the modes to which the interference term contributes positively to
produce maxima in the radiation intensity, and the dashed lines show
the directions of the modes to which the interference term contributes
negatively resulting in minima of the intensity.
in directions θ = 0, π/2 and π, and into two antisymmetric
modes propagating in directions θ = π/3 and 2π/3.
Figure 2 shows the angular distribution of the symmet-
ric and antisymmetric modes for three different separations
between the atoms, r12 = λ/4, λ/2 and λ. The frame (a)
shows the angular distribution of the symmetric modes while
the frame (b) shows the distribution of the antisymmetric
modes. It follows from the figure that the angular distribution
of both symmetric and antisymmetric modes is strictly sym-
metric about θ = π/2. In the case of the symmetric modes,
frame (a), and the atomic separation r12 = λ/4, the direction
θ = π/2 is the only direction the symmetric modes propagate.
For r12 = λ/2, the directions θ = 0 and π for r12 = λ/2 both
correspond to a minimum of the intensity. The same property
is observed for r12 = λ, where the symmetric modes propa-
gating in the directions θ = π/3 and 2π/3 both correspond
to a minimum while the modes propagating in the directions
θ = 0 and θ = π both correspond to a maximum of the in-
tensity. This means that there is no directionality effect if the
system radiates through the symmetric modes. This shows,
however, that there is an interesting effect of splitting of the
emitted radiation into two beams propagating in opposite di-
rections relative to the direction normal to the atomic axis. In
both directions, there could be simultaneously a maximum or
minimum of the radiation intensity.
The angular distribution of the antisymmetric modes,
shown in frame (b), is intrinsically different from those of the
symmetric modes. The modes are symmetrically redistributed
around the direction normal to the atomic axis, but in each pair
of the modes, one of the modes corresponds to a maximum
and the other to a minimum of the intensity. This means that
depending on the sign of the atomic correlations, the system
will radiate either to the left or to the right from the direction
normal to the atomic axis. Thus, we see clearly that the anti-
symmetric modes exhibit the directionality effect. Needless to
say, preparing the system to radiate through the antisymmet-
ric modes is the way to achieve a directional emission of the
radiation field.
From this simple analysis it follows that the directional-
ity or light routing can occur in the radiation emitted from
the system and, in particular, that these effects are connected
to the properties of the antisymmetric modes. It also shows
that light routing is strongly pronounced for small interatomic
separations and the visibility of this effect decreases with an
increasing separation.
V. ORIGIN OF MODE SWITCHING AND LIGHT
ROUTING
We have seen that the interference term involves a sum of
two contributions, the symmetric and anti-symmetric combi-
nations of the atomic operators. We now proceed to identify
the origin of switching the emission between different modes
and the directional light routing, in particular what is required
to achieve mode switching and which of these two contribu-
tions is responsible for light routing. Since the contributions
involve the symmetric and anti-symmetric combinations of
the atomic operators, it is convenient to write the intensity in
terms of the raising and lowering operators of collective states
of the two-atom system that are eigenstates of the Hamilto-
nian H0. In the absence of the interaction between the atoms,
the Hilbert space of the two-atom system can be spanned by
four product states
|g1〉|g2〉, |e1〉|g2〉, |g1〉|e2〉, |e1〉|e2〉, (26)
and in the basis of these states the Hamiltonian H0 can be
written in a matrix form as
H0 = ~


−ω0 0 0 0
0 12∆ Ω12 0
0 Ω12 −
1
2∆ 0
0 0 0 ω0

 , (27)
whereω0 = (ω1+ω2)/2 and∆ = (ω1−ω2). It is seen that the
matrix is not diagonal due to the presence of the dipole-dipole
interaction, and the diagonalization leads to the following en-
ergy eigenstates
|g〉 = |g1〉|g2〉, |e〉 = |e1〉|e2〉,
|s〉 = (sinα)|g1〉|e2〉+ (cosα)|e1〉|g2〉,
|a〉 = (cosα)|g1〉|e2〉 − (sinα)|e1〉|g2〉, (28)
where
cos2 α =
1
2
+
∆
2
√
4Ω212 +∆
2
. (29)
The states |s〉 and |a〉 are the symmetric and antisymmetric
superpositions of the atomic states, respectively. In fact, these
6states are non-maximally entangled states of the two-atom
system. In the case of identical atoms (∆ = 0), the states
reduce to maximally entangled states that are well known in
the literature as the Dicke states [21].
Using Eq. (28) we find that the atomic raising operators can
be expressed in terms of the superposition states as
S+1 = Ssg cosα− Sag sinα+ Ses sinα+ Sea cosα,
S+2 = Ssg sinα+ Sag cosα+ Ses cosα− Sea sinα, (30)
where Snm = |n〉〈m| are the operators of the transitions
between the Dicke states, m,n = a, e, g, s, and the atomic
lowering operators are obtained by taking Hermit conjugate
of Eq. (30).
In terms of these new operators, the correlation functions
appearing in the interference terms of the intensity become
〈S+1 (t)S
−
2 (t)〉 + 〈S
+
2 (t)S
−
1 (t)〉
= (〈Sss(t)〉 − 〈Saa(t)〉) sin(2α)
+ (〈Sas(t)〉+ 〈Ssa(t)〉) cos(2α),
〈S+1 (t)S
−
2 (t)〉 − 〈S
+
2 (t)S
−
1 (t)〉
= 〈Sas(t)〉 − 〈Ssa(t)〉, (31)
from which we see that crucial for the angular variation of the
intensity is the presence of a non-zero dipole moment between
the symmetric and antisymmetric states.
For purposes of the physical interpretation, it is convenient
to associate the correlation functions with matrix elements of
the density operator ρ of the two-atom system. If we use the
collective states as the basis states for a matrix representation
of the density operator
ρ =
∑
m,n=a,e,g,s
ρmn|n〉〈m|, (32)
we arrive at the expressions
〈S+1 (t)S
−
1 (t)〉 = ρee(t) + ρss(t) cos
2 α
+ ρaa(t) sin
2 α− Re[ρsa(t)] sin 2α,
〈S+2 (t)S
−
2 (t)〉 = ρee(t) + ρss(t) sin
2 α
+ ρaa(t) cos
2 α+Re[ρsa(t)] sin 2α,
〈S+1 (t)S
−
2 (t)〉+ 〈S
+
2 (t)S
−
1 (t)〉
= [ρss(t)− ρaa(t)] sin 2α
+ 2Re[ρsa(t)] cos 2α,
〈S+1 (t)S
−
2 (t)〉 − 〈S
+
2 (t)S
−
1 (t)〉 = 2Im[ρsa(t)], (33)
where ρss(t) and ρaa(t) are, respectively, the populations of
the symmetric and antisymmetric states, and ρsa(t) is the co-
herence between these states.
We may therefore write the radiation intensity as
I(~R, t) = u(ϑ)Γ0 {I0(t) + Ic(t) cos(kr12 cos θ)
+Is(t) sin(kr12 cos θ)} , (34)
in which Γ0 = (Γ1 + Γ2)/2 is the average damping rate of
the atoms, γ = (Γ1 − Γ2)/(Γ1 + Γ2) stands for a normal-
ized difference between the damping rates, and we have di-
vided the radiation intensity into three separate parts. The first
part I0(t), which can be expressed in the form
I0(t) = ρee(t) +
1
2
(1 + γ cos 2α)ρss(t)
+
1
2
(1− γ cos 2α)ρaa(t)− γRe[ρsa(t)] sin 2α (35)
represents a fraction of the radiation intensity which is inde-
pendent of the direction of observation. It can be regarded as
the background radiation intensity. The second part
Ic(t) =
√
1− γ2 {[ρss(t)− ρaa(t)] sin 2α
+ 2Re[ρsa(t)]cos 2α} (36)
represents a fraction of the intensity that varies with the direc-
tion of observation as cos(kr12 cos θ), and
Is(t) =
√
1− γ2 Im[ρsa(t)] (37)
is a fraction of the intensity that varies with the direction of
observation as sin(kr12 cos θ).
Evidently, every part that contributes to the radiation inten-
sity can be analysed separately and is known once the density
matrix elements are determined. Instead of working in terms
of the two interference terms one can combine them into a sin-
gle term, an effective interference term, and then the radiation
intensity can be written as
I(~R, t) = u(ϑ)Γ0[I0(t) + Ie(t) cos(ψ − kr12 cos θ)] , (38)
where
Ie(t) =
Ic(t)
cosψ
and tanψ =
Is(t)
Ic(t)
. (39)
As can be seen from Eq. (38), the sine term introduces a phase
shift of the interference pattern. For ψ = 0 directions of the
maxima and minima are determined by cos(kr12 cos θ) and
change to that determined by sin(kr12 cos θ) when ψ varies
from zero to π/2. Thus, switching between symmetric and
the antisymmetric modes can be interpreted as resulting from
the phase shift from ψ = 0 to ψ = π/2.
The phase shift is determined by the amplitudes Ic(t) and
Is(t). It is clear from the form of Ic(t), given by Eq. (36), that
the cosine term makes a nonzero contribution to the inten-
sity only when the states |s〉 and |a〉 are unequally populated,
ρss(t) − ρaa(t) 6= 0, and/or there is a coherence between the
states with a nonzero real part, Re[ρsa(t)]. Mode switching
and light routing is determined by Is(t), given by Eq. (37),
that it is possible only when the coherence ρsa(t) has a non-
vanishing imaginary part, Im[ρsa(t)] 6= 0. Note that the real
part of the coherence contributes to Ic(t) only if ∆ 6= 0, as
cos 2α → 0 when ∆ → 0. On the other hand, Ic(t) depends
solely on the real part of the coherence when the atoms are
independent of each other, as sin 2α→ 0 when Ω12 → 0.
On the basis of these observations, one can conclude that
the presence of the coherence ρsa(t) is essential to account
for mode switching between the symmetric and antisymmet-
ric modes and light routing along the antisymmetric modes.
The coherence ρsa necessary for the mode switching is indi-
cated in Fig. 3 that shows the collective energy levels of the
two-atom system with the possible spontaneous transitions be-
tween them.
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FIG. 3. (Color online) Collective energy states of the system. The
dashed lines indicate the possible spontaneous transitions between
the states. Essential for mode switching and directional emission is
the presence of the coherence ρsa between the intermediate states |s〉
and |a〉.
VI. EVALUATION OF THE DENSITY MATRIX
ELEMENTS
The density matrix elements which are needed to evaluate
the radiation intensity I(~R, t) are readily calculated from the
master equation of the density operator of the system, which
has the form [8, 9, 36]
∂ρ
∂t
=−
i
~
[H, ρ]−
1
2
Γ1
(
ρS+1 S
−
1 + S
+
1 S
−
1 ρ− 2S
−
1 ρS
+
1
)
−
1
2
Γ2
(
ρS+2 S
−
2 + S
+
2 S
−
2 ρ− 2S
−
2 ρS
+
2
)
−
1
2
Γ12
(
ρS+1 S
−
2 + S
+
1 S
−
2 ρ− 2S
−
2 ρS
+
1
)
−
1
2
Γ12
(
ρS+2 S
−
1 + S
+
2 S
−
1 ρ− 2S
−
1 ρS
+
2
)
, (40)
where Γ1 and Γ2 are the spontaneous emission rates of the
atom 1 and 2, respectively, and Γ12 is the collective damping
rate arising from the mutual coupling of the atoms through the
vacuum field. The magnitude of Γ12 is given by the imaginary
part of the interatomic potential, i.e. Γ12 = Im(V12).
The master equation can be solved and the evolution of the
system completely determined by projection of the density op-
erator of the system onto any complete set of basis states. In
general, it is a complicated problem since in the basis of the
collective states (26), the master equation leads to a set of fif-
teen coupled differential equations for the density matrix ele-
ments that have to be evaluated, in principle, an 15 × 15 ma-
trix to be diagonalized. It involves twelve off-diagonal and
three diagonal matrix elements. The remaining diagonal den-
sity matrix element is found from the trace property of the
density matrix, Tr(ρ) = 1.
Thus, using the master equation (40) and the collective ba-
sis (26), we obtain a closed set of fifteen coupled differential
equations describing the evolution of the density matrix ele-
ments. In a matrix notation, the system of equations can be
written as the inhomogeneous equation
d
dt
Y = MY +P, (41)
where M is the 15× 15 matrix of the coefficients of the differ-
ential equations for the density matrix elements, Y is a col-
umn vector with the following components
Y = col [ρaa, ρae, ρag, ρas, ρea, ρee,
ρeg, ρes, ρga, ρge, ρgg, ρgs, ρsa, ρse, ρsg] , (42)
and the column vector P has nonzero components
P4 = P13 = −
1
2
i∆, P8 = P12 = 2iΩβ,
P11 = 2(
√
Γ1Γ2 + Γ12), P14 = P15 = −2iΩβ, (43)
where Ωβ = 12 (ΩL1 +ΩL2) is the average Rabi frequency of
the laser field driving the atoms.
The matrix equation (41) is a simple differential equation
with time independent coefficients, and is solved by direct in-
tegration. For an arbitrary initial time t0, the integration of
Eq. (41) leads to the following formal solution
Y (t) = Y (t0) e
Mt −
(
1− eMt
)
M−1P. (44)
Because the determinant of the matrix M is different from
zero, there exists an inverse matrix M−1, so that the steady-
state values of the components of the vector Y(t) can be
found by setting the left-hand side of Eq. (41) equal to zero.
Thus, the steady-state solution for the components of Y (∞)
is given by
Yi (∞) = −
15∑
j=1
(
M−1
)
ij
Pj . (45)
The solutions (45) are technically difficult to describe analyt-
ically, but can be evaluated numerically. The solutions are
functions of the atomic parameters, ∆ and Γ1,Γ2, the collec-
tive parametersΩ12 and Γ12, and the driving laser parameters,
ΩL1,ΩL2 and the detunings ∆1,∆2.
Before proceeding to a detailed discussion of the angular
distribution of the radiation intensity, let us look into the de-
tailed form of the equation of motion for the coherence ρsa
that is required for mode switching and light routing. The
equation of motion can be easily determined from the master
equation (40) as
ρ˙sa = − (Γ0 + iU)ρsa
+
1
2
Γ0 (γ sin 2α− γ12 cos 2α) (ρss + ρaa)
+ Γ0 (γ sin 2α+ γ12 cos 2α) ρee, (46)
where U =
√
4Ω212 +∆
2 and γ12 = Γ12/Γ0.
We first observe from Eq. (46) that, because sin 2α =
2Ω12/U and cos 2α = ∆/U , the coupling of the coherence
to the populations is possible only if the atoms are nonidenti-
cal and interact with each other. If either atoms are identical
8or are independent of each other, no coupling of the coher-
ence to the populations is present. In this case, the coherence
is created only by the driving field. However, the driving field
should be kept weak in order to minimise population of the up-
per state |e〉. It is easy to understand, as predicted by Eq. (34),
the population ρee contributes only to the background part of
the intensity, I0(t). A large background could make the con-
tributions of the interference terms Ic(t) and Is(t) less visible.
VII. MODE SWITCHING AND LIGHT ROUTING BY
INDEPENDENT ATOMS
Let us first discuss the mode switching and light routing ef-
fects by independent atoms. We assume that the atoms are at
a fixed distance r12, so there is a fixed phase relation between
the atomic dipole moments, but there is no direct exchange
of the excitation between them, i.e., the collective damping
Γ12 and the dipole-dipole interaction Ω12 are both equal to
zero, Γ12 = 0 and Ω12 = 0. One can notice that in this case
the problem simplifies to that of single two-level atoms driven
by a coherent laser field. For independent atoms, we can as-
sume that the averages 〈S+1 (t)S
−
2 (t)〉 and 〈S
+
2 (t)S
−
1 (t)〉, that
appear in the expression for the radiation intensity, Eq. (20),
could be factorized so that 〈S+1 (t)S
−
2 (t)〉 = 〈S
+
1 (t)〉〈S
−
2 (t)〉
and 〈S+2 (t)S
−
1 (t)〉 = 〈S
+
2 (t)〉〈S
−
1 (t)〉. In physical terms,
the factorization is equivalent to ignore the effect of quantum
fluctuations on the mutual correlations between the atoms,
but their oscillations still can be kept synchronized by the
definite phase of the incident laser field. This is equiva-
lent to assume that the atoms behave mutually coherent al-
though the radiation emitted by each atom is not coherent,
i.e. 〈S+1 (t)S
−
1 (t)〉 6= 〈S
+
1 (t)〉〈S
−
1 (t)〉 and 〈S
+
2 (t)S
−
2 (t)〉 6=
〈S+2 (t)〉〈S
−
2 (t)〉.
The interaction of a two-level atom with a coherent laser
field has been extensively studied in the literature [37, 38].
We shall make use of some of the results in these papers, par-
ticularly the solutions for the averages involved in the radia-
tion intensity formula, Eq. (20). If we examine the radiation
intensity in the steady-state, the averages required are of the
form [37, 38]
lim
t→∞
〈S+1 (t)S
−
1 (t)〉 = Ω
2
L1/D1,
lim
t→∞
〈S+2 (t)S
−
2 (t)〉 = Ω
2
L2/D2,
lim
t→∞
〈S+1 (t)〉 = −ΩL1 (Γ1 − 2i∆1) /D1,
lim
t→∞
〈S−2 (t)〉 = −ΩL2 (Γ2 + 2i∆2) /D2, (47)
with
D1 = 2Ω
2
L1+Γ
2
1+4∆
2
1, D2 = 2Ω
2
L2+Γ
2
2+4∆
2
2, (48)
where ΩLi (i = 1, 2) is the Rabi frequency of the laser field at
the position of the ith atom, ∆1 = ω1−ωL and ∆2 = ω2−ωL
are detunings of the laser field frequency from resonance fre-
quencies of the atoms 1 and 2, respectively. It is easily veri-
fied from Eq. (47) that 〈S+1 (t)S−1 (t)〉 6= 〈S+1 (t)〉〈S−1 (t)〉 and
〈S+2 (t)S
−
2 (t)〉 6= 〈S
+
2 (t)〉〈S
−
2 (t)〉. In other words, despite
the coherent nature of the driving field the emitted radiation
by the independent atoms is not coherent in the steady-state.
Substituting Eqs. (47) into Eq. (20), we find that the steady-
state radiation intensity is of the form
I(~R) ≡ lim
t→∞
I(~R, t) =
u(ϑ)Γ0Ω
2
D1D2
{(1 + γ)D2+(1− γ)D1
+ 2
√
1− γ2
[(
4∆2L −∆
2 + Γ20(1− γ
2)
)
cos (kr12 cos θ)
+ 2Γ0 (2γ∆L −∆) sin (kr12 cos θ)]} , (49)
where we have translated the detunings ∆1 and ∆2 to a fre-
quency scale centered on the average atomic frequencyω0, i.e.
∆1 = ∆L+∆/2 and ∆2 = ∆L−∆/2, where∆L = ω0−ωL.
The damping rates Γ1 and Γ2 have also been defined rela-
tive to the average damping rate of the atoms Γ0. In writing
Eq. (49) we have assumed that the laser field drives the system
along the symmetric mode propagating in the direction normal
to the atomic axis (Fig. 2). In this case, ~kL · ~r12 = 0 and then
ΩL1 = ΩL2 = Ω. The situation of driving the system along
one of the antisymmetric modes is obtained from Eq. (49) sim-
ply by interchanging cos(kr12 cos θ) with sin(kr12 cos θ).
The variation of the radiation intensity with the direction
of observation is provided by the third term in Eq. (49), and
we now proceed to discuss conditions for mode switching and
light routing. As an example three cases of r12 = λ/4, λ/2
and λ are investigated in details. It was pointed out in Sec. V
that the occurrence of mode switching and light routing by a
system of two interacting atoms require a nonzero amplitude
of the sine term in the radiation intensity, Eq. (34). The same
conclusion applies to the case of independent atoms consid-
ered here.
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FIG. 4. (Color online) The radiation intensity as a function of the
observation direction θ for the atomic separation r12 = λ/4, Ω =
0.2Γ0, Γ1 = Γ2, ∆L = 0 and different values of ∆: ∆ = 0 (dashed
blue line), ∆ = 0.5Γ0 (green solid line), ∆ = −0.5Γ0 (red solid
line), and ∆ = 20Γ0 (dashed-dotted black line, ×102).
Figure 4 shows the angular distribution of the radiation in-
tensity for the atomic separation r12 = λ/4 and several dif-
ferent detunings ∆. We take Γ2 = Γ1 and assume that the
atoms are driven by a weak field, Ω = 0.2Γ0. For identical
atoms, ∆ = 0, and then the intensity exhibits a pronounced
9peak in the direction θ = π/2. As discussed above, θ = π/2
is the direction of propagation of the symmetric mode. For
∆ 6= 0, we see the switching effect; a transfer of the exci-
tation from the symmetric mode to the antisymmetric modes
propagating along the atomic axis, θ = 0 and π. There is a
strong asymmetry in the intensity of the antisymmetric modes
with the direction of the enhanced emission dependent on the
sign of ∆. For a positive ∆, the system radiates strongly into
the mode propagating in the direction θ = π with almost no
emission into the mode θ = 0. The direction of the emission
reverses when ∆ → −∆. The asymmetry persists for small
and moderate ∆ at which, as one can see from Fig. 4, there
still is a nonzero emission into the symmetric mode. When
the excitation is completely transferred from the symmetric
to the antisymmetric modes, that I(~R) = 0 at θ = π/2, the
radiation along θ = 0 and π becomes symmetric.
Consider now the dependence of the mode switching and
light routing on the frequency of the driving laser. As pre-
dicted by Eq. (49), the amplitude of the cosine term depends
on the square of the laser detuning. As such, it does not
change the sign when going from blue (ωL > ω0) to red
(ωL < ω0) detuned cases. That is also consistent with our
conclusions in Sec. V, where we discussed conditions for light
routing of a collective two-atom system. On the other hand,
the amplitude of the sine term depends on ∆L and there is
a threshold value for the laser detuning, ∆L = ∆/(2γ), at
which the amplitude reverses sign once we move from ∆L <
∆/(2γ) to ∆L > ∆/(2γ). Then the light routing effect is to
be expected that for a given direction of observation, the emit-
ted light intensity will be enhanced when ωL < ω0−∆/(2γ),
and will be reduced when ωL > ω0−∆/(2γ). In other words,
depending on the frequency of the driving field, the emis-
sion into the antisymmetric modes can be switched between
the modes.
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FIG. 5. (Color online) The angular distribution of the steady-state
radiation intensity and its variation with the laser detuning ∆L for
Ω = 0.2Γ0, r12 = λ/2, Γ1 = Γ2 and ∆ = 2Γ0.
As we have already mentioned, for γ = 0, i.e. Γ1 = Γ2,
the switching is independent of ∆L, it depends solely on the
sign of ∆. Thus, no light routing dependent on the frequency
of the driving laser could be seen in the emitted light if the
atoms have the same damping rates, Γ1 = Γ2. It follows that
γ 6= 0 (Γ1 6= Γ2) is the condition for the frequency dependent
light routing. However, the effect of light switching between
the symmetric and antisymmetric modes could be observed
even if γ = 0 provided that ∆ 6= 0. This feature is easily seen
in Fig. 5, which shows the effect of an increasing ∆L on the
angular distribution of the radiation intensity for r12 = λ/2
and ∆ = 2Γ0. For small ∆L there is a pronounced peak in the
direction θ = 2π/3 and a dip at θ = π/3. As ∆L increases,
the intensity distribution turns to a single peak in the direction
θ = π/2. The angle θ = 2π/3 corresponds to the direction of
propagation of an antisymmetric mode, whereas θ = π/2 cor-
responds to the direction of propagation of a symmetric mode.
Thus, for small ∆L, the system emits along the antisymmet-
ric modes. As ∆L increases, the emission switches from the
antisymmetric to the symmetric modes.
The switching of the emission from the antisymmetric to
symmetric modes with increasing ∆L can be understood by
examining the analytical formula for the radiation intensity,
Eq. (49). Setting γ = 0 and r12 = λ/2 in Eq. (49), it is
straightforward to see that the radiation intensity becomes
I(~R) =
2u(ϑ)Ω2Γ0
D1D2
{(
2Ω2 + Γ20 + 4∆
2
L +∆
2
)
+
(
4∆2L −∆
2 + Γ20
)
cos (π cos θ)
−2Γ0∆sin (π cos θ)} . (50)
When ∆L ≤ Γ0, we see that the amplitude of the sine term,
representing the contribution of the antisymmetric modes,
dominates over the amplitude of the cosine term, representing
the contribution of the symmetric modes. Thus, for ∆L ≤ Γ0
the variation of the intensity with θ is determined by the sine
term. Then at θ = π/3, where sin(π cos θ) = 1, the intensity
exhibits a dip and a peak at θ = 2π/3, where sin(π cos θ) =
−1. When ∆L > Γ0, the amplitude of the cosine term domi-
nates over that of the sine term and then the intensity exhibits
a peak centered at θ = π/2, where cos(π cos θ) = 1.
Figure 6 shows the angular distribution of the emitted light
intensity for γ = 0 and several values of ∆. According to
Eq. (49), in this case the amplitude of the sine term is entirely
governed by ∆. When ∆ 6= 0 a peak is seen in a direction
deviating significantly from the direction normal to the atomic
axis. Depending on the sign of ∆, the peak occurs either in
the direction θ = π/3 or θ = 2π/3. These angles correspond
to the directions of propagation of the antisymmetric modes
(Fig. 2b). For a positive ∆, so that ω1 > ω2, the intensity
of the emitted light is enhanced in the direction θ = 2π/3
and suppressed in the direction θ = π/3. Conversely, for a
negative ∆ the maximum of the intensity occurs in the the
direction of θ = π/3 and a minimum in the direction θ =
2π/3. Thus, the maximum of the emitted light turns to the
right or to the left with respect to the direction normal to the
atomic axis when ∆ 6= 0. It is interesting that the emitted light
turns towards the atom of smaller resonance frequency even if
the laser is tuned above the average atomic frequency, ∆L =
ω0 − ωL < 0. In fact, the turning direction is independent of
the sign of ∆L.
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FIG. 6. (Color online) Angular distribution of the radiation intensity
for the atomic separation r12 = λ/2, Ω = 0.2Γ0, ∆L = −0.75Γ0,
Γ1 = Γ2, and different values of ∆: ∆ = 2Γ0 (blue line), ∆ =
−2Γ0 (green line), ∆ = 0 (red dashed line).
Figure 7 shows the variation of the steady-state radiation
intensity with the laser detuning ∆L observed in two different
directions for atoms with equal resonance frequencies,∆ = 0,
but different damping rates, Γ2 = 10Γ1. We have chosen
the angles θ = π/3 and θ = 2π/3 which correspond to the
directions of propagation of the antisymmetric modes when
r12 = λ/2. Note that the intensity of light emitted in the di-
rection θ = 2π/3 is a mirror image of the intensity emitted
in the direction θ = π/3. It is apparent that for a given direc-
tion of propagation, the intensity is strongly asymmetric about
∆L = 0. Namely, for the direction θ = π/3, the intensity is
large for negative detunings, ∆L < 0, but is almost zero for
positive detunings, ∆L > 0. The situation is completely op-
posite for the direction θ = 2π/3. Now the intensity is large
for positive detunings and is almost zero for negative detun-
ings. Thus, by varying the laser frequency from blue detuned
(ωL > ω0) to red detuned (ωL < ω0) from the atomic reso-
nance, one can switch the emission direction from the mode
propagating in the direction θ = π/3 to the mode propagat-
ing in the direction θ = 2π/3. Hence, the simple formula in
Eq. (49) predicts clearly that the system of two non-identical
two-level atoms may work as a nano-antenna for mode switch-
ing and directional light routing.
To distinguish between directions of the emission one can
examine the intensity or fringe contrast factor, which for the
antisymmetric modes is given by
C =
i
√
1− γ2
(
〈S+1 (t)S
−
2 (t)〉−〈S
+
2 (t)S
−
1 (t)〉
)
(1 + γ)〈S+1 (t)S
−
1 (t)〉+(1− γ)〈S
+
2 (t)S
−
2 (t)〉
=
Is(t)
I0(t)
, (51)
where Is(t) is the amplitude of the sine term and I0(t) is
the amplitude of the background field of the intensity for-
mula (34). The absolute value |C|, called the visibility, de-
termines the relative amplitude between the maxima and min-
ima of the intensity pattern. However, we consider C instead
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FIG. 7. (Color online) The variation of the steady-state radiation
intensity with the laser detuning ∆L for Ω = 0.2Γ0, r12 = λ/2,
∆ = 0, Γ2/Γ1 = 10 and two different directions of observation,
θ = π/3 (blue line) and θ = 2π/3 (green line). The red line is the
sum of the two.
of |C| for a simple reason that the sign of C contains the in-
formation about the direction of emission with respect to the
direction normal to the atomic axis. For positive values of C,
maxima of the intensity occur in directions corresponding to
sin(kr12 cos θ) = 1, and for negative C there are minima at
these directions.
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FIG. 8. (Color online) The steady-state intensity contrast factor C as
a function of the laser detuning ∆L for Ω = 0.2Γ0 and r12 = λ/2.
The solid blue line is for ∆ = Γ0,Γ2/Γ1 = 10; the dashed red line
is for ∆ = 0,Γ2/Γ1 = 10; and the dashed-dotted green line is for
∆ = Γ0,Γ2/Γ1 = 1.
The contrast factor C is plotted against the laser detun-
ing ∆L in Fig. 8 for various detunings ∆ and ratios Γ2/Γ1.
For atoms with equal resonance frequencies (∆ = 0) but
different damping rates (Γ2 > Γ1), the factor C is positive
for negative ∆L and negative for positive ∆L. The threshold
at which C changes sign is at ∆L = 0. When ∆ 6= 0 and
Γ2/Γ1 6= 1, the factor is strongly asymmetric and reaches a
large negative value, C ≈ −0.9 at a negative ∆L. The thresh-
11
old at which C changes signs shifts towards a negative ∆L.
For Γ2 = Γ1, the factor C is negative for all detunings ∆L.
In terms of the directionality of the emission, for ∆ = 0 and
(Γ2 > Γ1), the system radiates strongly to the mode θ = π/3
for all negative ∆L with the maximum visibility |C| = 0.7.
The situation reverses for positive ∆L at which the system ra-
diates strongly to the mode θ = 2π/3 with the same maximal
visibility 0.7. When ∆ 6= 0 and Γ2/Γ1 6= 1, the factor C
is strongly asymmetric with large negative values approach-
ing −1 at a small negative ∆L. At that detuning the system
radiates only to the mode θ = 2π/3. For atoms with equal
damping rates (Γ2 = Γ1) but unequal resonance frequencies
(∆ 6= 0), the factor C is negative for all ∆L indicating that
the directionality of emission cannot be changed by varying
the frequency ωL of the incident laser.
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FIG. 9. (Color online) Angular distribution of the emitted field in-
tensity for the atomic separation r12 = λ, Ω = 0.2Γ0, Γ1 = Γ2,
∆L = −0.75Γ0 and different values of ∆: ∆ = 2Γ0 (blue line),
∆ = −2Γ0 (green line), ∆ = 0 (red dashed line).
In closing this section we point out that the features of
mode switching and light routing are similar when distances
between the atoms are larger. In Fig. 9 we illustrate the ef-
fect of the detuning ∆ on the angular distribution of the emit-
ted field intensity by taking the distance between the atoms
r12 = λ, again for the case of equal damping rates (Γ1 = Γ2).
The effect of ∆ is to switch the emission from the symmet-
ric modes propagating at angles θ = 0, π/2, π into two anti-
symmetric modes propagating either at angles θ = 0.41π and
0.77π or θ = 0.23π and 0.58π. We can distinguish two char-
acteristic pairs of modes and the emission can be switched
from one pair to the other by changing the sign of the detun-
ing ∆. It is interesting, and perhaps surprising, that the system
does not turn all of the emitted light into one direction, it rather
spits the emitted light into two opposite directions in respect
to the direction normal to the atomic axis. In each pair of the
modes, one of the modes propagates in a direction θ < π/2
and the other propagates in a direction θ > π/2.
VIII. LIGHT ROUTING BY INTERACTING ATOMS
We now proceed to illustrate the features of mode switch-
ing and light routing fully incorporating the effects of the in-
teraction between the atoms. In order to study these features
we numerically evaluate the steady-state values of the density
matrix elements, Eq. (45), that we then apply to graphically
display the results for the angular distribution of the radiation
intensity and its dependence on the detuning ∆L. In order
to work out the effects of the interatomic interactions most
clearly we maintain the parameters the same as above for the
independent atoms.
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FIG. 10. (Color online) Angular distribution of the radiation intensity
for the atomic separation r12 = λ/2 at which Γ12 = −0.152Γ0,
Ω12 = 0.215Γ0 , for Ω = 0.2Γ0, Γ1 = Γ2, ∆L = −0.75Γ0 and
different values of ∆: ∆ = 2Γ0 (red line), ∆ = −2Γ0 (blue line),
and ∆ = 0 (dashed red line).
Let us first consider the effect of the interatomic interac-
tions on the switching and light routing for the case of ∆ 6= 0
and Γ1 = Γ2. Figure 10 shows the angular distribution of the
radiation intensity for the interatomic separation r12 = λ/2,
equal damping rates, Γ1 = Γ2, and different detunings ∆.
The parameters are the same as those of Fig. 6. For identi-
cal atoms, ∆ = 0, the intensity exhibits a peak in the direc-
tion normal to the atomic axis, θ = π/2, the direction of the
symmetric mode. For a positive detuning, the maximum of
the intensity is shifted to the direction θ = π/3 whereas for
a negative ∆ the maximum is shifted to θ = 2π/3, the di-
rections of the antisymmetric modes. Moreover, the intensity
detected at θ = π/3 is a mirror image of the intensity detected
at θ = 2π/3.
On comparing Fig. 10 with Fig. 6 no significant differences
are present. When the interatomic interactions are included,
in Fig. 10, the angular distribution of the radiation intensity
is seen to be qualitatively similar to that in Fig. 6 for inde-
pendent atoms. More precisely, the interactions slightly alter
the visibility by shifting its maximum value to a finite detun-
ing ∆L. This is shown in Fig. 11, where we compare the vis-
ibility for independent atoms with that for interacting atoms.
It is seen that the effect of the interactions is to shift the max-
imum value of the visibility to a finite ∆L. The magnitude
of the shift is equal to the magnitude of the dipole-dipole in-
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FIG. 11. (Color online) The steady-state intensity contrast factor C
as a function of the laser detuning ∆L for Ω = 0.2Γ0, r12 = λ/2,
Γ2 = Γ1 and ∆ = 2Γ0. The dashed red line is for indepen-
dent atoms (Ω12 = Γ12 = 0), and the solid blue line is for in-
teracting atoms with numerical values of the collective parameters
Γ12 = −0.152Γ0 and Ω12 = 0.215Γ0, evaluated for r12 = λ/2
and µˆ1(2) ⊥ ~r12.
teraction Ω12 = 0.215Γ0. The shift results in an enhanced
visibility for positive ∆L and a reduced visibility for nega-
tive ∆L. Thus, in the case of Γ1 = Γ2, the directionality of
the emission is not influenced significantly by the interatomic
interactions.
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FIG. 12. (Color online) The variation of the steady-state radiation
intensity with the laser detuning ∆L in the presence of the direct
interaction between the atoms for r12 = λ/2, Ω = 0.2Γ0, ∆ = 0,
Γ2/Γ1 = 10 and the propagation directions of the two antisymmetric
modes, θ = π/3 (blue line) and θ = 2π/3 (green line). The red line
is the sum of the two.
Let us now turn to the case of Γ1 6= Γ2 and ∆ = 0, and
consider the variation of the radiation intensity with the de-
tuning ∆L. In Fig. 12 the radiation intensity detected in two
directions, θ = π/3 and θ = 2π/3, is plotted against ∆L
for the same parameters as in Fig. 7, but now fully incorporat-
ing the interactions between the atoms. The interactions affect
the light routing between the antisymmetric modes more dras-
tically than the angular distribution, that the routing is signif-
icantly different compared to the case of independent atoms
(Fig. 7). An important difference is that in the present case,
the intensity of the mode θ = 2π/3 is not a mirror image
of the intensity of the mode θ = π/3. It turns out that the
interatomic interactions enhance the emission into the mode
propagating in the direction θ = π/3 and reduces the emis-
sion into the mode propagating in the direction θ = 2π/3.
Since Γ2 > Γ1, we may conclude that the dipole-dipole inter-
action has the effect of turning the emission towards the atom
of smaller damping rate. The situation is analogous when the
positions of the atoms are interchanged. In this case, the emis-
sion is enhanced into the mode propagating in the direction
θ = 2π/3 and significantly reduced in the direction θ = π/3.
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FIG. 13. (Color online) The variation of the steady-state radiation
intensity with the laser detuning ∆L in the presence of the direct
interaction between the atoms for r12 = λ, Ω = 0.2Γ0, ∆ = 0,
Γ2/Γ1 = 10 and the two pairs of modes propagating at angles
(0.41π, 0.77π) (blue line) and (0.23π, 0.58π) (green line). The red
line is the sum of the two.
The results presented in Fig. 12 could suggest that it is
a general feature of the dipole-dipole interaction that in the
case of Γ2 > Γ1, the interaction enhances emission into
modes propagating in a direction θ < π/2. This is true for
r12 = λ/2, but the situation differs for r12 = λ. Figure 13
shows the corresponding behaviour of the steady-state radi-
ation intensity for r12 = λ. We have seen that the emis-
sion can be switched from the symmetric modes to antisym-
metric modes where it groups into two pairs of directions,
one pair corresponding to sin(π cos θ) = 1 and the other to
sin(π cos θ) = −1. We see from the figure that in the presence
of the dipole-dipole interaction, intensities of the modes corre-
sponding to sin(π cos θ) = 1 are no longer a mirror image of
intensities of the modes corresponding to sin(π cos θ) = −1.
The dipole-dipole interaction enhances the emission into the
modes corresponding to sin(π cos θ) = −1 and reduces the
emission into the modes corresponding to sin(π cos θ) = 1.
Since the two modes propagating in directions θ < π/2 be-
long to different pairs, only one of the modes is enhanced
by the dipole-dipole interaction. The emission into the other
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mode is reduced by the dipole-dipole interaction. The same
conclusion applies to the two modes propagating in directions
θ > π/2. A careful analysis shows that the dipole-dipole in-
teraction enhances emission into modes whose average prop-
agation angle θav < π/2 and reduces emission into modes
whose average propagation angle θav > π/2. It is easy to
see, the emission is enhanced into two modes corresponding
to sin(π cos θ) = −1 and reduced in modes corresponding to
sin(π cos θ) = 1.
We may conclude that the dipole-dipole interaction has
a significant impact on mode switching and light routing
when Γ2 6= Γ1. It has the effect to turn the emission towards
the atom of smaller damping rate. However, the general con-
clusion of the case of independent atoms remains unchanged
that a blue detuned laser field will direct the emitted light to
modes corresponding to sin(kr12 cos θ) = 1, but a red de-
tuned field will direct the emission to modes corresponding
to sin(kr12 cos θ) = −1.
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FIG. 14. (Color online) The contrast factor C of the symmetric
modes, Eq. (52), plotted as a function of the laser detuning ∆L for
Ω = 0.2Γ0, r12 = λ/4, Γ2 = Γ1, and different ∆: ∆ = 0 (dashed
blue line), ∆ = 0.5Γ0 (solid green line), ∆ = 20Γ0 (dashed-dotted
black line).
We close this section with a brief comment about the phys-
ical meaning of negative values of the contrast factor C. In a
paper by Mayer and Yeoman [17] the contrast factor for the
symmetric modes was evaluated, which in our notation is
C =
√
1− γ2
(
〈S+1 (t)S
−
2 (t)〉 + 〈S
+
2 (t)S
−
1 (t)〉
)
(1 + γ)〈S+1 (t)S
−
1 (t)〉+ (1− γ)〈S
+
2 (t)S
−
2 (t)〉
. (52)
The authors have considered a system composed of two iden-
tical atoms (∆ = γ = 0) driven by an incoherent field and
simultaneously coupled to a cavity mode, and have found that
the factor C can have negative values. The negative val-
ues of C indicate a minimum of the radiation intensity to
occur in the direction normal to the atomic axis. The fact
that C can have negative values was interpreted as ”intrin-
sically quantum-mechanical effect with no classical analog”.
We have shown that also the contrast factor of the antisym-
metric modes, Eq. (51), can have negative values, see Figs. 8
and 11. Similarly, it is not difficult to show that for the sys-
tem considered in the present paper, also the factor (52) can
have negative values. For example, Fig. 14 shows the con-
trast factor (52) for the situation presented in Fig. 4 of switch-
ing the radiation between the symmetric and antisymmetric
modes for r12 = λ/4 and ∆ 6= 0. It is seen that in the case
of nonidentical atoms, the factor (52) can have negative val-
ues and at large detunings ∆ it reaches the optimum negative
value C = −1. As we have seen in Fig. 4, at large ∆ the exci-
tation is completely transferred from the the symmetric to the
antisymmetric modes. Thus, our results show that C < 0 is
not an intrinsically nonclassical effect. It can be interpreted as
resulting from a complete transfer of the excitation from the
symmetric to the antisymmetric modes that radiate in direc-
tions different than normal to the atomic axis.
IX. CONCLUSIONS
We have investigated radiative properties of a system com-
posed of two nonidentical two-level atoms, especially to show
that the system could work as a nano-antenna for the mode
switching and light routing. We have analysed different con-
tributions to the radiative intensity from the collective states
populations and coherences and have found the coherence be-
tween the symmetric and antisymmetric states is crucial for
the modes switching and light routing. It has been shown
that as long as the atoms are identical, the emission cannot be
switched between the symmetric and antisymmetric modes.
The switching may occur when the atoms are nonidentical
with either different resonance frequencies or different damp-
ing rates. In this case, the emission can be routed to different
modes by changing the relative ratio of the resonance frequen-
cies, or the ratio of the damping rates or by a proper tuning
of the laser frequency to the atomic resonance frequencies.
In the case of atoms of different resonance frequencies but
equal damping rates, the light routing is independent of the
frequency of the driving laser field. It depends only on the
sign of the detuning between the atomic resonance frequen-
cies. In contrast, if the atoms have different damping rates, the
emission direction can be switched between different modes
by changing the laser frequency from the blue to red detuned
from the atomic resonance.
We have also considered the effect of the interatomic in-
teractions, in particular, the dipole-dipole interaction on the
feature of light routing. While the light routing by the system
of interacting atoms with different resonance frequencies is
quite similar to that of independent atoms, the system of inter-
acting atoms with different damping rates exhibits an interest-
ing feature that the light routing becoming asymmetric under
the dipole-dipole interaction with the enhanced emission into
modes turned towards the atom of smaller damping rate.
Finally, we would like to point out that most of the results
obtained in the present paper are closely related to the results
of a recent experiment by Shegai et al. [7], where light rout-
ing by a bimetallic nano-antenna consisting of two metallic
particles of different plasmon resonances was observed.
14
[1] T. H. Taminiau, F. D. Stefani, and N. F. vanHulst, Optics Ex-
press 16, 10858 (2008).
[2] T. Kosako, Y. Kadoya, and H. F. Hofmann, Nature Photonics 4,
312 (2010).
[3] A. G. Curto, G. Volpe, T. H. Taminiau, M. P. Kreuzer, R.
Quidant, and N. F. vanHulst, Science 329, 930 (2010).
[4] K. G. Lee, X. W. Chen, H. Eghlidi, P. Kukura, R. Lettow, A.
Renn, V. Sandoghdar, and S. Go¨tzinger, Nature Photonics 5,
166 (2011).
[5] R. E. Noskov, A. E. Krasnok, and Yu. S. Kivshar, New J. Phys.
14, 093005 (2012).
[6] Y. Jie, Y. Li, and Y. Yonghong, Optics Commun. 300, 274
(2013).
[7] T. Shegai, S. Chen, V. D. Miljkovic, G. Zengin, P. Johansson,
and M. Ka¨ll, Nature Commun. 2, 481 (2011).
[8] R. H. Lehmberg, Phys. Rev. A 2, 889 (1970).
[9] G. S. Agarwal, Quantum Statistical Theories of Spontaneous
Emission and their Relation to other Approaches, edited by G.
Ho¨hler, Springer Tracts in Modern Physics, Vol. 70, (Springer-
Verlag , Berlin, 1974).
[10] Th. Richter, J. Phys. B: At. Mol. Phys. 15, 1293 (1982).
[11] L. Mandel, Phys. Rev. A 28, 929 (1983).
[12] H. Blank, M. Blank, K. Blum, and A. Faridani, Phys. Lett.
105A, 39 (1984).
[13] Z. Ficek, R. Tanas´, and S. Kielich, Physica 146A, 452 (1987).
[14] Z. Ficek and B. C. Sanders, Phys. Rev. A 41, 359 (1990).
[15] P. Kochan, H. J. Carmichael, P. R. Morrow, and M. G. Raizen,
Phys. Rev. Lett. 75, 45 (1995).
[16] T. Wong, S. M. Tan, M. J. Collett, and D. F. Walls, Phys. Rev.
A 55, 1288 (1997).
[17] G. M. Meyer and G. Yeoman, Phys. Rev. Lett. 79, 2650 (1997).
[18] T. Rudolph and Z. Ficek, Phys. Rev. A 58, 748 (1998).
[19] U. Eichmann, J. C. Bergquist, J. J. Bollinger, J. M. Gilligan, W.
M. Itano, D. J. Wineland, and M. G. Raizen, Phys. Rev. Lett.
70, 2359 (1993).
[20] R. G. DeVoe and R.G. Brewer, Phys. Rev. Lett. 76, 2049 (1996).
[21] R. H. Dicke, Phys. Rev. 93, 99 (1954).
[22] V. Ernst and P. Stehle, Phys. Rev. 176, 1456 (1968).
[23] N. E. Rehler and J. H. Eberly, Phys. Rev. A 3, 1735 (1971).
[24] M. Gross and S. Haroche, Phys. Rep. 93, 301 (1982).
[25] H. Freedhoff, Phys. Rev. A 69, 013814 (2004).
[26] J. P. Clemens, L. Horvath, B. C. Sanders, and H. J. Carmichael,
Phys. Rev. A 68, 023809 (2003).
[27] C. J. Mewton and Z. Ficek, J. Phys. B: At. Mol. Opt. Phys. 40,
S181 (2007).
[28] D. Porras and J. I. Cirac, Phys. Rev. A 78, 053816 (2008).
[29] H. Zoubi, EPL 100, 24002 (2012).
[30] D. E. Chang, J. I. Cirac, and H. J. Kimble, Phys. Rev. Lett. 110,
113606 (2013).
[31] N. Skribanowitz, I. P. Herman, J. C. MacGillivray, and M. S.
Feld, Phys. Rev. Lett. 30, 309 (1973).
[32] M. Gross, C. Fabre, P. Pillet, and S. Haroche, Phys. Rev. Lett.
36, 1035 (1976).
[33] M. O. Scully, E. S. Fry, C. H. Raymond Ooi, and K.
Wo´dkiewicz, Phys. Rev. Lett. 96, 010501 (2006).
[34] R. Wiegner, J. von Zanthier, and G. S. Agarwal, Phys. Rev. A
84, 023805 (2011).
[35] R. Wiegner, S. Oppel, J. von Zanthier, and G. S. Agarwal,
arXiv:1202.0164 (2012).
[36] Z. Ficek and R. Tanas´, Phys. Rep. 372, 369 (2002).
[37] H. J. Kimble and L. Mandel, Phys. Rev. A 13, 2123 (1976).
[38] H. J. Carmichael and D. F. Walls, J. Phys. B 9, 1199 (1976).
